Introduction
In this paper, we are concerned with the existence and multiplicity of positive solutions of the following elliptic problems: That the existence of ground-state solutions of (1.5) is affected by the shape of the domain Ω and b(x) that satisfies some suitable conditions has been the focus of a great deal of research in recent years. By the Rellich compactness theorem and the minimax method, it is easy to obtain a ground-state solution for (1.5) in bounded domains. When Ω is an unbounded domain and b(x) ≡ b ∞ , the existence of ground-state solutions has been established by several authors under various conditions. We mention, in particular, results by Berestycki and Lions [5] , Lien et al. [6] , Chen and Wang [7] , and Del Pino and Felmer [8, 9] . In [5] , Ω = R N . Actually, Kwong [10] proved that the positive solution of (1.5) in R N is unique. In [6] , Ω is a periodic domain. In [7, 6] , the domain Ω is required Tsung-Fang Wu 3 to satisfy that
where y ∈ R l and z ∈ R N−l . Let y ∈ R l , we denote by Ω y ⊂ R N−l the projection of Ω onto R N−l , that is,
The domain Ω is required to satisfy that (Ω3) Ω is a smooth subset of R N and the projections Ω y are bounded uniformly in y ∈ R l ; (Ω4) there exists a nonempty closed set F ⊂ R N−l such that F ⊂ Ω y for all y ∈ R l ; (Ω5) for each δ > 0, there exists K > 0 such that
for all |y| ≥ K. Moreover, when Ω = R N \ω is an exterior domain, where ω is a bounded domain. It is well known that (1.5) in R N \ω does not admit any ground-state solution (see Benci and Cerami [12] ). However, Bahri and Lions [11] and Benci and Cerami [12] asserted that (1.5) in R N \ω has a higher-energy positive solution. As Ω is an Esteban-Lions domain, (1.5) in Ω does not admit any nontrivial solution (see Esteban and Lions [13] ), where the definition of Esteban-Lions domain is as follows: for a proper unbounded domain Ω in R N , there exists χ ∈ R N , χ = 1 such that n(x) · χ ≥ 0 and n(x) · χ ≡ 0 on ∂Ω, where n(x) is the unit outward normal vector to ∂Ω at the point x.
When b(x) ≡ b ∞ , which satisfies the condition (1.2), the existence of ground-state solutions of (1.5) has been established by the condition b(x) ≥ b ∞ and the existence of ground-state solutions of limit equation
On the other hand, for Ω = R N and b(x) ≤ b ∞ on R N with a strict inequality on a set of positive measures, (1.5) in R N does not admit any ground-state solution. However, Bahri and Lions [11] , Cao [14] , and Bahri and Li [15] asserted that (1.5) 
(1.12)
Abstract and Applied Analysis
The first result of our paper is relaxing the condition b(x) ≥ b ∞ to show the existence of ground-state solution of (1.5) by the shape of domain Ω. First, we consider the following assumptions: 
Then we have the following result. 
(see Lien et al. [6] and Chen and Wang [7] ). Thus,
(1.14)
It is known that the general unbounded domains in R N can be classified into three kinds. If Ω is an unbounded domain in R N , then it satisfies one of the following conditions:
( 
Then we have the following result. ∞ with a strict inequality on a set of positive measures, to show that (1.1) in R N has at least four positive solutions for h H −1 sufficiently small. The second aim of our paper is also relaxing the condition b(x) ≥ b ∞ to show the existence of at least two positive solutions of (1.1) in Ω. Denote
and
is the best Sobolev constant of subcritical operator in H 1 0 (Ω) (see Lin et al. [22] or Willem [3] ). Then we have the following results. Theorem 1.6. Suppose that the domain Ω satisfies the conditions (Ω1 )-(Ω2 ) and b(x) satisfies the condition (b1). If h ≥ 0 and 
This paper is organized as follows. In Section 2, we describe various preliminaries. In Section 3, we use the shape of the domain Ω to prove that (1.5) in Ω has a ground-state solution. In Section 4, we modify the proof of Adachi and Tanaka [21] , Tarantello [23] , Cao and Zhu [18] , and Zhu [17] to prove that (1.1) in Ω has at least two positive solutions.
Preliminary
We define the Palais-Smale (PS) sequences, (PS) values, and (PS) conditions in
We need the following lemmas.
The proof is clear by the routine arguments, and hence is omitted here.
Lemma 2.3 (Brézis-Lieb lemma). Suppose that u n → u a.e. in Ω and there exists
For the proof, see Brézis and Lieb [24] . 
Thus,
We need the following useful results.
The proof is almost the same as that by Wang and Wu in [4, Lemma 7] , and is omitted here.
We introduce the Nehari minimization problem for (1.1) as
where
Then we have the following result.
8 Abstract and Applied Analysis Then
(2.8)
Assume that there is a w ∈ M b h (Ω) such that ψ (w),w = 0, then we have
(2.13)
From (2.12) and (2.13),
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For each u ∈ H 1 0 (Ω)\{0}, we write
Similar as the proof of some results by Tarantello in [23] , we have the following two lemmas.
Thus, 20) and hence
(ii) Is similar to the proof of Theorem 1 by Tarantello in [23] .
Homogeneous problems
First, we present several (PS) conditions in H Then u 0 is a solution of (1.5) in Ω. Moreover, we have the following lemma.
Let Ω be any unbounded domain and ξ ∈ C ∞ ([0,∞)) such that 0 ≤ ξ ≤ 1 and
Proof. By the fact that
thus it suffices to show that u n ,v n H 1 = u n 2
4)
|∇ξ n | ≤ c/n and {u n } is a (PS) β -sequence in H Hence,
Similarly, we have
Given r ≥ 1, since {ξ r n u n } is bounded in H 
By (3.6), (3.7), (3.9), and (3.11),
The results of (iii) and (iv), from (i), (ii) and Lemmas 2.4, 2.5.
We need the following compactness results. 
(3.14)
Since {u n } is bounded, there exist a subsequence {u n } and u 0 in H 1 0 (Ω) such that u n u 0 weakly in H 1 0 (Ω) and u n → u 0 a.e in Ω. Moreover, u 0 is a solution of (1.5) in Ω. If u 0 ≡ 0, by Lemma 3.1 there exists a subsequence {u n } such that {ξ n u n } is a (PS) β -sequence in H 1 0 (Ω) for J ∞ 0 , where ξ n is as in (3.2) . Let v n = ξ n u n , and we obtain
Since Ω i ∩ Ω j is bounded for i = j and Ω l is also bounded for m + 1 ≤ l ≤ k, there exists n 0 ∈ N such that v n = 0 in Ω(n 0 ) for n > 2n 0 and Ω l ⊂Ω(n 0 ) for all l ∈ {m + 1,m + 2,...,k}, where
By (3.15), we obtain .2). Let v n = ξ n u n , we obtain v n ∈ H 1 0 (Ω c (n)) for each n,
Moreover, there is an s n > 0 such that s n v n ∈ M ∞ (Ω c (n)) and
By (3.23), (3.24), we obtain 
(3.27)
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Then we have the following restricted (PS) conditions. 
which is a contradiction. Thus u n → u strongly in H 
For v > 0 and w > 0, we have The proof is similar to the proof of Lemma 4.5. 
